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Abstract. The semiclassical approximation of coherent state path integrals is employed to study the dy-
namics of the Jaynes-Cummings model. Decomposing the Hilbert space into subspaces of given excitation
quanta above the ground state, the semiclassical propagator is shown to describe the exact quantum dy-
namics of the model. We also present a semiclassical approximation that does not exploit the special
properties of the Jaynes-Cummings Hamiltonian and can be extended to more general situations. In this
approach the contribution of the dominant semiclassical paths and the relevant fluctuations about them
are evaluated. This theory leads to an accurate description of spontaneous emission going beyond the usual

classical field approximation.

PACS. 03.65.Sq Semiclassical theories and applications — 42.50.-p Quantum optics —

32.80.-t Photon interactions with atoms

1 Introduction

The Jaynes-Cummings model [1] has continued to be a
subject of theoretical studies for almost forty years. It
is frequently considered as a simple model to describe a
two-level atomic system interacting with an electromag-
netic field in a cavity; for recent reviews see [2,3]. Apart
from its relevance to quantum optics, in particular laser
theory, this integrable quantum model also allows to test
approximative methods by comparing them with the ex-
act result. In particular, the “semiclassical” theory has
attracted considerable attention where the bosonic field
mode is represented by classical c-numbers while the two-
level atomic system is represented as a quantum spin-1/2
[4-6]. In this approximation the Heisenberg equations of
motion [7] are replaced by linear operator equations for
the spin variables and an amplitude equation for the elec-
tromagnetic field which is driven by the expectation val-
ues of the spin operators. Taking the expectation value of
the Heisenberg equations for the spin variables, the opti-
cal Bloch equations emerge which describe the dynamics
of a classical Bloch vector on the two-sphere [8,9]. It is
well known that this “semiclassical” theory provides re-
sults that are equivalent to a full quantum mechanical
treatment if the mean number of bosons is very large and
fluctuations in the boson number can be neglected [10].
While this conventional semiclassical approach treats
the cavity field just classically, we attempt at a semiclas-
sical theory treating both the atomic and electromagnetic
subsystems on an equal footing. Starting from the full
quantum model we focus on the most probable paths of
the system within the path integral representation and rel-

evant fluctuations about them. A path integral approach
to problems in quantum optics employing canonical coher-
ent states for the field mode [11] has been put forward by
Hillery and Zubairy [12] already in 1982. Various authors
have extended this theory by including a representation
of atomic degrees of freedom via fermionic coherent states
in terms of Grassmann variables [13,14]. A representation
based on generalized Perelomov coherent states [15] due
to Kochetov [16] exploits especially the U(1/1) dynami-
cal algebra of the Jaynes-Cummings model. The approach
presented here is based on the spin coherent state repre-
sentation which describes the spin dynamics in terms of
Euler angles on the two-sphere. The emphasis is on the
semiclassical approximation of the path integral which will
be shown to yield a semiclassical description going beyond
the classical field approximation. This is apparent from
the fact that the theory yields an accurate description of
spontaneous emission.

The paper is organized as follows. In Section 2 we first
solve the Jaynes-Cummings model exactly with spin co-
herent state path integrals in a subspace with fixed excita-
tion quanta above the ground state. Then, in Section 3, we
examine a semiclassical description which does not rely on
these subspaces and can thus be extended to more com-
plicated Hamiltonians. With coherent state path integrals
the leading order of the propagator is determined by solv-
ing the Euler-Lagrange equations for the classical path.
In Section 4 we consider contributions from fluctuations
about the dominant path and show that they lead to a de-
cay of the excited two-level system by spontaneous emis-
sion. Finally, in Section 5 we briefly sum up and present
our conclusions.
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2 The Jaynes-Cummings model

The Jaynes-Cummings model is characterized by the
Hamiltonian

H=a'a+ (1+A4)S, +\aS; +a'S_), (1)

where a is the canonical annihilation operator of a bosonic
field mode with frequency w and Sy = S, £1i5y, S, are
operators of a spin-1/2 describing two levels of an atomic
system with energy difference fiwg. There are two dimen-
sionless parameters, the detuning A = (wy — w)/w and
the coupling strength A = g/w. We use units with w =1
and i = 1. It is well known that the Jaynes-Cummings
model allows apart from H for another time independent
operator [7]

N =adla+ 5., (2)

which measures the number of excitation quanta in the
system. Hence, the time evolution operator is of the form

U(T) — e—iHT — e—iNTe—iCT) (3)

where C' = H — N. Representing the spin operators in the
eigenbasis of S, formed by the eigenvectors | T) and | |),
the first factor in equation (3) may be written as

o—iNT _ e—iaTaT(e—%T| "o+ e+%T| nNe |) (4)

Introducing further the eigenkets of a'a, invariant sub-
spaces are distinguished. In particular the kets | T n—1) =
| T)n—1) and | | n) = | |)|n) span the subspace with
N = (n — 1/2). In this subspace the time independent
operator C' generates SU(2) dynamics. This can be seen
explicitly by introducing the operators

Je= (1T a=1){Lnl+] Loyt - 1))

Jy =5 (1T n=10nl+] Ln)rn—1])

Lo=3(Itn=nn—1-11mia).  ©)

describing the angular momentum of a spin-1/2. In terms
of these spin operators we have

C =2 /nJ, + AJ,, (6)

and we see that in this subspace C' gives indeed rise to
pure SU(2) dynamics. Accordingly, the propagator may
be worked out exactly by a semiclassical approach with
path integrals in the spin coherent state representation

|9 ) = e_i‘P‘]ze_m‘]ﬂ Tn—1). (7)

Following the lines of [18], we write the spin coherent prop-
agator as a regularized path integral

0" T ) = Jim [ duexp (S0, (0)
(8)
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with the action

T
S0.0(0) = [ at[geosnp - co.0)]. 0

Here the operator C' is represented as
C0,¢) = (W |ClI @).

= \/nsin(9) cos(p) + écos(ﬁ). (10)

The spherical Wiener measure [11,17]

dp = M ] dcos(d(t))dep(t)
t=0

x exp{—4—1l//OTdt [192 +sin2(19)¢2”, (11)

enforces continuous Brownian motion paths on the sphere
(M is a normalization factor). This measure gives rise to
a regularization dependent action

S,[0(t), ¢(t)] = /OT dt{4—iy {192 + sinz(ﬁ)QbQ}

+ %cos(ﬁ‘)gb - C(9, 90)} - (12)

Now, in the semiclassical expansion, we separate the paths

cos(¥) = cos(Va) + /V/s, @ =pa+y/Vs (13)

in their classical parts and fluctuations around them. The
formal limit of large spin s — oo expresses the classical
limit. To lowest order, in the Dominant Path Approxima-
tion (DOPA), the semiclassical expansion gives

T
@ = expf =i [ 0.0 0) {0 00,
0
(14)
where (¢, @) and (9", @), respectively, describe the gen-
erally complex starting point and endpoint of the classical

trajectory (9(t), @(t)), 0 < ¢t < T [18]. For convenience let
us introduce the complex variables

¢ = tan <§) el?

n = tan <g) e i, (15)
Then, the dominant path is determined by
(= —inn(l = %) +1A¢
0 = IWn(l—1?) —i4n, (16)

with boundary conditions ¢(0) = ¢’ and n(T') = n". Hence,

the endpoint of the classical trajectory obeys

¢(T) = 202,¢' cos(£2,T) +1[AC — A/n]sin(£2,T)
202, cos(2,T) —i[A\/n ¢ + A]sin($2,T)

n(T) =", (17)
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with the Rabi frequency

any/)\%H—ATz- (18)
In terms of the complex variables (15) we get
(T)+n  AL=(T)"
C((T),n ) )‘\/_1 + C( ) 21 + (:(T)n//v (19)

where the right-hand site can be written as

d ! 1
ldT 1og{(1 +¢'n'") cos(£2,T)

- g (WA + G- s
2

(20)

Now the integral in equation (14) is readily solved and the
propagator in the DOPA takes the form

! / i " ’
e'% = q(T') cos (19—) cos (1’;> ez(#¥"=¢)
2 2
! / i " ’
+a*(T) sin (%) sin (%) ez (=¥
" / i " ’
+b(T) cos <%) sin (%) e2(¥"+¢)

/" / i 1 ’
—b"(T) sin (192 ) cos (%) e 2T (21)

a(T) = cos(£2,T) —1i

bW
‘Q’!L

where

in(£2,T)

b(T) = —i

sin(£2, 7). (22)
As discussed elsewhere [18] for pure SU(2) dynamics the
DOPA is exact and equations (21, 22) give indeed the
exact propagator [3].

In more general situations, such as for the case without
rotating wave approximation [19,20], the system cannot
be separated into invariant subspaces. Therefore it would
be interesting to consider a semiclassical expansion that
does not rely on the SU(2) generators (5).

3 Semiclassical dynamics with coherent state
path integrals

In order to formulate a general semiclassical theory for
a coupled spin boson problem we make use of product
coherent states

[0 ppa) = e ¥SeTWSATIN 1)j0). (23)
These states are generated by momentum and space trans-
lations of the normalized vacuum state |0) and SU(2) ro-
tations of the S, eigenstate | 7). Again, the semiclassical
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approximation is based on the coherent state path integral
representation. We express the propagator as

<Q9”SD” /! ”|U( )|Q9l(plplql>:

dpradpy exp {iS[p(t),

lim
Va,Vp—00

q(t), 9(t), (1))},

with the action

Sp(t),a(t), 9(t), o(t)] =
T
| at |50 =0+ Goosto)s — Hp0)| - (29

For the Jaynes-Cummings model the Hamiltonian takes
the form

H(9,¢,p,q9) = (JopqlH[Ipq)

)+ 1+4 cos(¥)

1
= 5(172 + ¢

+ A [sin(z?)ei“"(q +ip) + sin(¥)e ¥ (g —

2v/2

Here, the canonical coherent state path integral is regu-
larized by the flat Wiener measure [11,17]

ip)] . (26)

dpa = M, ﬁ dp(t)dg(t) exp {2%1 /OT dt [cf Hﬂ }

t=0
(27)

while the spin paths are again regularized by the spherical
Wiener measure

T
dpy = My H d cos(V(t

t=0

x exp{—%/OT dt [192 +sin2(19)gb2}} . (28)

Wy

))de(t)

These measures give rise to the regularization dependent
action

Svan [0(1), (1), p(t), q(t)] =

T
d{ [ +P°] + —
0

o [192 + sin2(19)¢2}

+

DN | =

1 .
(pi - p@+5ammwﬂwwmﬂ§- (29)
In the semiclassical expansion we split the paths

P = Pecl + Za,

cos(¥) = cos(Va) + xp/V/5,

q = qcl + Ya

©=a+y/vs (30)
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in their classical parts and fluctuations around them. Re-
stricting ourselves to the DOPA, we obtain the propagator

oiSa _ sin(¢) sin(9")
~\/ sin(®) sin(9”)
X 1|: 1" -1 I 1 —/_/ 1 I
exp _5 qp —qp +qp —qp
. T 1 a . ]‘ . L
X expK 1 dt 5 cos(P)p + i(pq —pq)
0

While for A = 0 this approximation yields the exact prop-
agator, this property is lost for the interacting system.
Introducing the complex variables [15,21]

a:§;q+@, Bziﬁé—%

¢ = tan (g) el?, 7 = tan (g) e i?, (32)

equation (31) may be expressed as

oS _ a+cwmu+aww>¢w>%
L+ )L +") \¢n”

X exp {_% (10 418" ~ a(T)8" — a'5(0)] }
T T, N L i =
X exp{l‘/O dt |:§ (Ozﬁ — Oéﬁ) + 5@
- H (Oé,ﬁ, Ca 77):| }5 (33)

where the Hamiltonian (26) reads
1+A1-¢n  ,a(+pn
2 1+¢(n 1+¢n

Now, the DOPA propagator is determined by the domi-
nant path obeying the classical equations of motion

H(a, 8,¢,m) = af + (34)

d:fi[aJr)\lﬁCn]
B:i[ﬁJr)\lfcn}

¢ =i](1+2)¢ ~AB—ac?)]
i = =i[(1+ A)y = Mo — Br)]

with the boundary conditions

(35)

a(0) = %(Q’ +ip'), B(T) = %(Q” —ip")
79/ "

¢(0) = tan <3> e p(T) = tan (7) e %", (36)
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The system of differential equations (35) gives rise to a
Hamiltonian vector field. Extending results in [15,22], one
sees that this Hamiltonian dynamics is identical to the
classical mechanics of a spin on the two-sphere coupled to
the phase space degrees of freedom of a one-dimensional
harmonic oscillator. Since the covariant divergence of the
Hamiltonian vector field vanishes, this dynamical system
is conservative and no attractor can occur. The coupled
differential equations (35) with conditions (36) express a
nonlinear boundary value problem. We can find a solution
exploiting the invariance of the action (25) under phase
transformations

¢ — Cet,

The corresponding integral of motion is

N(awB,Gm) = af+ 51 en

n—ne  a—aeT B e (37)

(38)

Therefore the Hamiltonian dynamical system becomes in-
tegrable by the theorem of Liouville-Arnold [23]. Partic-
ularly, by setting v = (1 — (n)/(1 + ¢(n), we reduce the
system to a one-dimensional problem of the form

1
51‘3 +V(u) =0, (39)
with the cubic potential
Viu) = )\2(u3 + asu® + aqu + agp). (40)
The coefficients read
CQ
apg = *2N + 2?
AC
a1 = 1+ 2?
A2
=2N 4+ — 41
a2 + 2)\2 ) ( )
where
al+pn  Al—(n
Cla,8,(,n) = A — . 42
@aCm =2 Gl S @y

Although the cubic potential V(u) is time independent,
the boundary values (36) enforce the coefficients ag, a1, as
in equation (41) to depend on the end time T, and the
form of V(u) changes with T'. Next we set v = u + ag/3
and rewrite equation (39) as

—0% = 40® — gov — gs. (43)

)\2

This is just the differential equation solved by the
Weierstrass elliptic function [24] p(\t/v/2; go; g3) with the

invariants
4 L2
=—4|la; —=a
g2 1 3%2

4 (2
g3 = —— (—a% - a1> as — 4ag. (44)
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In the following we suppress these invariants in the list of and
arguments of the function . Now, the solution of equa-

tion (39) becomes ) = 1 ow(Az+ A+ %T) 1/2
nit) =n
T 0w(As — Ay + 2T
) == +o (4 +75t). (45) o =t 5T)
1/2
ow(As + A1 + %T) /
X
where L ¢'m(0) ow(As— A+ Z5T)
— a2 —67
Al—pl(_+7) (46) A
1+ N -
3 T4 Cn0) xoxp [i4 75 (Gnl4s) + o)) (0 1
is determined by the inverse Weierstrass function p=!. 1/2

1+ % —p(A + %)
1%+ p(A + 5)
ow(As = Ay + 25t) 0w (As — Ar + 2501
ow(As + A1+ Z5t) ow(Ad + A1 + Z5t)

(51)

Making use of the solution (45), the equations of motion
lead to elliptic integrals which can be solved in terms of
the Weierstrass elliptic functions g, { and oy, [24]. After
some algebra one finds for the field coordinates

1 ow(Ar+ AT
olf) = {20/5( 0o <A2A1>}

co{[Fi(1+5) + e} where

1/2 As= (T 1), A=p (T 1) (32

x{2N+C;) o(Ar + /\2)] 3=9 3 ; a=p9 3t (52)
N 1/2 The solutions (47-52) give the dominant path in terms of

y ow(As — A1 + ft) (47) the known initial values a(0) = o/, ¢(0) = ¢’ and final val-
ow(As + A1 + 75 t) ’ ues B(T) = ", n(T) = n’" and as implicit functions of the

unknown initial values £(0), n(0) and final values (T,

and ¢(T). Two of these unknowns have to be determined nu-
\ 1/2 merically. For instance, from equations (47, 50) we obtain
" 1 ow(Az — Ay — ﬁT) two transcendental equations for «(7T") and ((T) that can
B(t) =B 20(T) 3" 0 (Ag + Al + AT be solved by a root search procedure. Then, the two other
A \ V2 unknowns c(;m be fougd }fl’rom the1 two c;)nstants C and N.
. A A - Having determined the semiclassical trajectory, we can
X exp{[ 1(1 t3 ) + \/§CW(A2)} (T t)} insert the result into equation (33) and determine the
A\ 1/2 DOPA-Propagator. Since this propagator obeys a semi-
% {2 N + 2 o(A1 + —t)] classical Schrodinger equation (see Appendix A), an al-
3 V2 ternative representation of the propagator reads

A, + A L 1/2 .
A I)] , (1) S = ("1 " o' o)

ow(Az — A1 — J5t)

where xexp{—i /0 dtH(a(t),ﬁ“,g(t),n")}- (53)

_1 (G2

Ay =p~! (? + 2N> : (49)  With this representation the DOPA propagator is just de-

termined by the the endpoint of the classical path.
Although the dynamical system (35) is conservative,
it gi i i . These are the fix points

1 (A A (A ATY /2 1t gives rise to stationary states P

(0 =¢ | S (B, Cvs ) = (0,0,0,0) and (a, B, ps, os) = (0,0,0,0),
¢'n(0) ow(As — A1) ow(As — A1) where p = 1/¢ and o = 1/7. These points correspond to

The spin variables are found to read

LA the states | T 0) and | | 0) referred to as north pole and
X exp{ {1 + ﬁ (CW(A?’) + G (A4))}t} south pole, henceforth. For a linear stability analysis we
1/2 just have to linearize the spin terms since the equations of

1+ % — p(Ar + J5t)

1—?4‘@(141"‘%”

motion (35) are already linear in the oscillator variables.
Expanding about ({y,nxy) we find

R UL - Ul RN & AN G S S A &
ow(As + A1+ Z5t) ow(Aa + A1 + Z5t) alon] =" o o0o-1-4ax oy | B4

(50) « 0 0 -2 -1 «
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and two invariant subspaces in the variables (4¢, 3) and
(0m, ) appear. The solution satisfying the boundary con-
ditions (36) becomes
1
)= ———0
a(t) cosh(25T)

—inelom(T=1) sinh(£2xt) }

{o/efi“"’"t cosh [2n (T —t)]

5@)25&5%Zﬁ3{a"wM”'”“@“”N”
1</ lwmt ¢inh [QN (T - t)]}
50 = o) 1§ cosh 0x(T 1)

_iﬁ//e—iwm(T_t) sinh(QNt) }

_ 1 1wy, (T —t)
on(t) = cosh(nT) {n e cosh(2xt)

ia/e™“nt sinh [y (T — t)]} (55)
with the frequencies
—14 4
W = 5
A2
Dy =4/ —— (56)

4
Note that for long times the dominant path converges
to the corresponding boundary value and no oscillations
around the north pole take place anymore.

In the same way, we linearize the motion around the

south pole. Now invariant subspaces appear in the vari-
ables (dp, ) and (00, )

-1-A-X 0 O op
—)\ -1 0 O «o
E ) 01+ax]| (s | O
0 X 1 é]
with the solution
aft) = o/e™“nt cos(2st) — iée*i“""t sin(2st)
(1) = "m0 cos [ (T — 1)
—i%e*i“’""(T*” sin [2g(T — t)]
op(t) = %efi“””t cos(2gt) — ia’e ™t sin(gt)
So(t) = %e*iw"b(T*ﬂ cos [Q2s(T —t)]
—if"e T sin [Qs(T — 1)), (58)
where
A2
g A2+-—Z— (59)

Here, the dominant path does not converge for long times
but keeps on oscillating around the south pole. North pole
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and south pole correspond to the local extrema of the
cubic potential (40) generated by the coupling of the spin-
1/2 to a vacuum field. Whenever the field becomes filled
with bosons, these fix points bifurcate into limit cycles.

The presence of stationary states leads to strong devi-
ations of the DOPA propagator from the exact result for
times large compared to w, ! In fact, for long times the
semiclassical trajectory approaches the saddle point of the
cubic potential and stays there for most of the time. For
the full quantum problem the state | T 0) is not a steady
state, rather it will decay by spontaneous emission. In the
semiclassical approximation spontaneous emission arises
from fluctuations about the classical path that are ne-
glected in the DOPA. Hence, to obtain useful results also
for long times, fluctuations about the north pole need to
be taken into account.

4 Fluctuations

The semiclassical expansion of the path integral (8) leads
to second order contributions in terms of Gaussian fluc-
tuation path integrals. Denoting by (Z4,¥s) and (s, ys)
deviations from the dominant path variables (p,q) and
(cos(1), ), the semiclassical approximation takes the form

<19/I(p// // ”lU( )lﬂl(p/plq/>sc:
e%e lim
Vaq ,Vp—00

X exp {1 525[xa(t>a ya(t)a T

duadﬂb

() ()]}

with the boundary conditions z,(0) = 2,(T) = 0, y,(0) =
Yo(T) = 0, 24(0) = 2(T) = 0, yp(0) = y»(T") = 0. Since
the canonical Wiener measure (27) is of quadratic form,
the measure of the fluctuation path integral becomes

(60)

T

pa =[] 5= dra (et

t=0
I PR
X exp {2—1/&/0 dt|:l'a era} }, (61)

which is of the same form as the original coherent state
path measure. On the other hand, the spin measure (28) is
not quadratic, and the dominant path (¥(t), p(t)) cannot
be separated from the fluctuation variables z; and y,. We
have

T

H

dl‘b dyb( )

T .2
X exp ,L/ dt| —2b + sin? (9) g7
2vp Jo sin? (1)

(9)9 TpTy

L. cos
— cos(P) xpyp + 2

sin® ()
+(¢2 2 cos2(9)92 + sin(219)1§) 35127} }’ (62)

2sin* (1Y)
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and the regularization of the fluctuation path integral be-
comes in general time dependent. However, when the dom-
inant spin path is strictly independent of time,

(ﬁ(t)v (p(t)) = (1907 900)7

the measure (62) simplifies considerably and we get

(63)

L oost1
47s

duy = dxb(t)dyb (t)

t=0

« ! /Tdt[ By sin?(9 i) b o
expy —— —2— +sin .
PV 2w 0 sin? () 0/Ys
Then, after a canonical transformation
~ Tp

~ sin(do)
Up = sin(do)ys, (65)

the measure (64) takes for large s the form of the canonical
measure (61)

du = [ ] L antam)
t=0
X exp {2%/() /OT dt[a-?i +gj§} } - (66)

Both measures give rise to the regularization dependent
second order variational action

62 l/a,l/b [Ia(t),ya( ) ( ) yb(t)]

T 1 2 22
d (&2 +ya)+2—($b+yb)
0 y
1 1, . P
+ §($aya TaqYa) + §($byb - mbyb)

_Ho(xaayaa'i‘bagb’t) ) (67)

where the Hamiltonian Hy(t) is determined by the sec-
ond order contributions of the Hamiltonian H expanded
around the dominant path
HO(Iaa Ya, -i‘ba gba t) =

ar(t)as + az(t)zaya + as(t)y;

+01(H)T) + ba(t)Tods + b3 (1))

+c1(t)waZy + co(t)zalp + c3(t)yals + ca(t)yaly, (68)
with the coefficients
10°H 0’°H 10%H
“O =55z =0 =gy “O " 5ge
22 92°H 1  0%H
bi(t) = —————, b(t) = —————
1t 25 0 cos(1)2’ 2(t) s 0pd cos(d)’
1 9%H
b3 (t) = 2522 052
) z 0?H ) 1 0%?H
C = - C [
! /5 0pdcos(d)’ 52 0p0p’
z O*H 1 0%H
o) = ———— 7 )= — —~ =
el = oo V= Grape @
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where z = sin(dp). For large s, starting and end points
in the coherent state fluctuation path integral (60) para-
meterize the initial state |z4(0) ya(0) 25(0) y5(0)) and the
final state |24 (T") yo(T) 26 (T) yp(T')) which correspond to
product vacuum states. Propagators leading to stationary
saddle points (¢, po) may be represented now as

= e"%1(00|U(T)]00),
70)

(Do o p” ¢"|U(T) V0 o b’ q')se

with the unitary time evolution operator

Uo(T) = T; exp{—i/OT dt Ho(t)},

determined by the quadratic Hamiltonian

(71)

Ho(t) = a1(#) (@3 — ) + ax(t) (PuQu + Qo)

1 , 1
)+ bi(0) (@3 - 3)

+b2(t) (PQb + QuPy) + b3(t) (P

e (t) PPy + c2(t) PuQb
“+c3 (t) Qan + C4(t) QaQba

+as(t) (Py —

1

_5)

(72)

describing two driven coupled oscillators.

As we have seen in the previous section, for the Jaynes-
Cummmings model the north pole | T 0) becomes a steady
state in the DOPA, and it is essential to take fluctuations
about this state into account. Unfortunately, the descrip-
tion of the spin degrees of freedom with spherical coor-
dinates leads to coordinate singularities. Particularly, the
azimuthal angle ¢ is undefined at the poles of the two-
sphere. To calculate fluctuations about the north pole ac-
curately, we change the coordinate system by a rotation.
Since rotations are isometrical canonical transformations,
the spin path measure (28) stays invariant but the kine-
matical term is not preserved. Instead a phase factor ap-
pears which only vanishes if starting and endpoint of the
spin coordinates are identical.

Within the DOPA, the probability amplitude to re-
main at the north pole is just a phase factor

1+A

(10[U(T)| 1 0)popa = €' = eXp{fi T}, (73)

and the north pole becomes a steady state. Taking now
Gaussian fluctuations into account we have

(1 0[U(T)] T 0)sc = €*1(00]Us(T)[00), (74)

where the vacuum amplitude is determined by the time
independent Hamiltonian

Loy Aoy

+ AMPyQa + QuPa).  (75)
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For convenience we represent the operators ., P, and
Qp, Py by corresponding creation and annihilation opera-
tors a,al and b, b

A A
Hy=-1+(1+ 5)(@@T —b'b) — E(anr +b'b)

—iX(ab — a'bl).  (76)

Since aa’ — b'b commutes with Hy, we rewrite the time
evolution operator in the form

Uo(T) = exp{fi%} exp{fi <1 + ?) ata T}
X exp{i (1 + ?) bTbT} U(T), (77)
with U1(T') = exp(—iH,T) and

Hy =— {?(acﬁ +b'b) +iX(ab — aTbT)} . (78)

The operators aa’ + b'b, ab and afb’ span the three di-
mensional su(1,1) Lie algebra with commutators

[acfr +b'b, ab] = —2ab
[aaT +bb, awa = 2a'bf

[ab,awa = 2(aa’ +b'b). (79)

For this algebra there is a decomposition into one-dimen-

sional SU(1, 1) transformations which holds for the whole
group, i.e. for all times [25]. We start with the ansatz

UL(T) = exp{u(T)a''} exp{v(T)ab}

x exp{&(T)(aa’ +bTb)}, (80)
which results in the vacuum amplitude
A
(00|Us(T)[00) = exp{—lET + g(T)} . (81)

Then, requiring that U;(T") obeys the Schrodinger equa-
tion d/dTU,(T) = —iH U1 (T), we get the relation

A
iE(anr +b'b) + Ma'd" — ab) =
patbt 4 pet a’dl (pg—ma’d!

+ ée“ alb! v ab(anr + bTb)e*”“be*““TbT, (82)

where we have made use of the Baker-Campbell-Hausdorff
formula. Further, the commutation relations (79) imply
e’ (aa’ + b'b)e ™% = aa’ + b'b + 2vab
oha’d! (aa’ + btb)e " afot _ ot 4ty — 2ua’bt (83)
era't! gpemnaldt — gp p(aa® +b'b) 4 p2albl.
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Now, equation (82) determines the time rate of change of
the functions u, v and £ by the linear equations

A Loy =2p(l— )\ [p
Al=(0-1 - v, (84)
iA 0—2u 2(1—2uv) £

which are readily solved with the initial conditions 1(0) =
0, »(0) = 0 and £(0) = 0. In particular, we get for the
function &(7T') in equation (80)

A
&(T) =1AT + log [COS(QsT) — 15 Sin(QsT)] ,  (85)
with the Rabi frequency

AQ
QS:H/\Q‘FT'

Hence, the vacuum amplitude (81) becomes

(86)

VAT
(00|U(T)|00) = exp{lT}
A
X [COS(QsT) — 15 sin(QsT)} . (87)
and the semiclassical propagator with fluctuations

(1 0|U(T)| 1 O)e = e =7 [COS(QST) - é sin(QsT)]
(88)

includes spontaneous emission leading to an instability of
the north pole. Equation (88) gives the exact matrix el-
ement of the propagator sandwiched between north pole
states.

When the field is initially and finally not in the vac-
uum state, the semiclassical propagator (60) is no longer
characterized by a fix point path. An evaluation of the
fluctuations about the semiclassical path would then re-
quire numerical methods beyond the scope of this article.

5 Conclusions

We have reconsidered the dynamics of the Jaynes-
Cummings model in the semiclassical limit. The approach
put forward employs the (spin) coherent state path inte-
gral and an expansion about the dominant path. Exploit-
ing the SU(2) dynamics within invariant subspaces of the
model, we have derived a representation yielding the exact
propagator already in the dominant path approximation
(DOPA). While being exact, a disadvantage of the repre-
sentation given in Section 2 is certainly that it cannot be
employed to treat generalizations of the Jaynes-Cummings
model which have no invariant subspaces.

Using canonical coherent states for the field mode and
spin coherent states for the atomic degrees of freedom,
we have presented a path integral representation which
has a straightforward extension for arbitrarily coupled
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ieisd _ 1} ou(T, T)ﬂ,, B Cy,aﬂ(o, T) ¢/anor) B QT  da(t,T) & 4 o(T,T) 0B3(t,T)
T 2 oT oT 1+Cm(0,T)  1+C(T, Ty ot |, ’ ot |,
A¢(t,T) 1 on(t,T)
ot 1 — C(Ty T)T . 1 " aa(t7 T) 66@7 T)
- —2iH (a(T, T T,T — | — T)— T)—————=
AT H(a(1,7), 8", 6T, T), o) — | S92 506, T) — e, 1) 25
t=T
Kt 1) — (. T)ZER /T | @ T) (08 T) _OHY L ((LT) MEDoH
1+¢(T, T)n" o o orT ot O or (14, T)n(t,T))> ¢
a¢(t,T) .
_ nt,T) ot + ia_H _ B, T) (9t T) + ia_H eiSa (89)
oT (14+¢#,T)n(t,T))? on oT ot ap
0 sy . " my L) n[ 0a(T,T) = 0a(t,T) Oa(t,T) B da(t,T)
DS = SH(a(T, 1), 6,¢(T, T), ') 2{6 -G 2D 2ol |, 22D
(8T, T) | 8(t,T) a¢(t,T)
-‘rOz(T T) _ 8ﬁ(t7 T) _ 66@7 T) + Oé, _ 66(07 T) 8ﬁ(t7 T) K (_ or * ot ‘T + or T)
' o | ar |, oT ar |, 14+ (T, T)n"
_ on,T) o, T) __on(0,7) on(t,T) 9¢(0,T)
+C(T7 T) ( ot | oT ‘T> Lo or T ~or ‘0 0. T) T ‘0 oia (90)
L+¢(T,T)n" 1+¢'n(0,T) 1+¢'n(0,T)

spin-boson problems. As shown in Section 3 the DOPA
ceases to be exact in this representation and fluctuations
about the dominant semiclassical path become important.
In particular, the Gaussian fluctuations were shown to
lead to an accurate description of the decay of an excited
atom by spontaneous emission. This unstable initial state
becomes metastable in the conventional semiclassical ap-
proximation which treats the boson field classically.

When the field mode is prepared in a general coherent
state, the Jaynes-Cummings model is known to yield col-
lapses and revivals of the atomic inversion [3]. The fluctua-
tions about the semiclassical path cannot be calculated an-
alytically in this case and numerical methods are required.
This will be left for future studies. Another interesting ex-
tension of the present work would employ the short time
approximation of the semiclassical propagator for a gener-
alized Jaynes-Cummings model as building block of a nu-
merical path integral Monte Carlo technique. This might
allow for improvements of available quantum Monte Carlo
methods based on spin coherent states [26,27].

The authors would like to thank Joachim Ankerhold and
Jiirgen Stockburger for valuable discussions. This work was
supported by the Deutsche Forschungsgemeinschaft (Bonn)
through the Schwerpunktprogramm “Zeitabhéngige Phéno-
mene und Methoden in Quantensystemen der Physik und
Chemie”.

Appendix A: Semiclassical Schrodinger
equation

Here we derive the semiclassical Schrodinger equation for
the DOPA propagator given in equation (33). The time

rate of change is readily evaluated, and after an integration
by parts it may be expressed as

see equation (89) above.

Using the classical equations of motions, the integral is
found to vanish. Then, we rewrite the remaining parts in
the form

see equation (90) above

where most of the terms on the right hand site vanish.
Finally we get

g . /! ZAWS!
—e'% = i (a(T),8",¢(T),n )eS“l.

a7 (91)

Note that the matrix element of the Hamiltonian at the
endpoint of the dominant path (a(T), 3”,¢(T),n") gener-
ates the time rate of change of the DOPA propagator and
not the matrix element of the final state |¢ ¢” p” ¢""). For
a spin—% coupled to a classical field this Schrodinger equa-
tion generates the exact quantum mechanics [18].
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